OSKAR KILO

Mathematical modelling, detection and dassification.

Distribution of Fraud

The following derives analytic expressions for P(F|x) where x is a continuous variable and will
often be of the form x =In(z) where z is some measurable continuous variable like ‘spend’.

_ 1
Given that P(FE]x)= 1+ P(x|L) c where ¢ :% (1)
P(x| F) (%)

It is reasonable to assume that P(x|L) and P(x|F) are normally distributed. Even the sparse
fraud data will be approximately normal when not over partitioned which can be avoided
through clustering of categorical variables and banding of continuous variables.

We can therefore write:

PF|x)=—F ﬁl ig - 1 3 fiep, 00
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and after a bit of algebra (see appendix A) and using result A2 this can be re-written as:

1
P(F|x)=—
( | ) (x_y)Z (3)
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20
P(F|x)=eT (4)
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1. where 'UL = uF = HLF and UL = UF = ULF

1
then o = and 7 =candas ¢>1wehave P(F|x)=—
H=Hr ,

2. where y =p, =y .

g
then o = 7. and F:CJ—F andas O(0.)=0(0,) and ¢ >1 then

ris large and so

p(F|x):e_

3. where o, =0, =0, then equation A1 reduces to:

®)

(6)

O 2w ) v 1 -1 2 @”_%( Hu+Hp) ﬁ
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T(x):ﬂxﬂFH F—H _ _

Orr B HULF B ULF2 B ULF2
_ 1
and P(F[X) = (x4 7)
1+ce 2
_ M __ 0,
where =—=—= and 0 =—F—""—"
H 2 4( M~ /JF)

and for large ¢ we can use B6 and write:

_X~H
20

P(F|x)=%

C

So where o, =0,=0, then the distribution is exponential and

if U, <M, then P(F|x) grows with increasing x.
if U, > U then P(F|x) decays with increasing x.

if U, = My then see note 1 above.
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Appendix A

Consider the term below from equation (2)

b+~b* —4ac

2a

then using _ we have

2

2|02, -0 ;) iJ4(0L2uF -0’u,) -4(0,> -0, |02 -0 2y’

2( og,’ —apz) 0’0’

(JLZIUF _JFZML) 10,0, ( H _,UL)

2 2 2 2
(O'L -0, )O'L o,

which reduces to:

(ULZﬂF _O-FZI'IL) _ ULUF(IUF _:UL)

(aLz_an) and 9 = (aLz_an)

Now if we set p =

Then, as we can always write: (x—(u+v)) (x—(u—v)) :(x—u)z —-?

(x=(p+q))(x=(p-d)) _c-py-¢’

We have T'(x) = T —
0’0, 0’0,

So substituting for p and g we have:

U ULzl‘lF _UFZI'IL ﬁ
(K- 2 2 | 2
0 0, —0p 0 _ (:uF_:uL)

2 2
0,0 (JLZ —apz)

T(x)=

(A1)

(A2)
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Appendix B

1
Consider a function of the form:  p(x) = P (B1)
1+re
Then if £ > 0 then we can show that for large r that p(x) converges to the form:
—ksx?
e
q(x) = (B2)
| e
Let — = where s(x) is an arbitrary function of x. (B3)
1+re™ 1+r
then the LHS and RHS of B3 are coincident at x =0 and x = *oo for any s(x)
—sxxz—2 2 —sxxz —kx?
Rearranging B3 we have: | +r =e¢ ) gk (1+rek* ) = (e k" +r) (B4)

As k>0 then we can assume that o ©" < |« ;- and the last term in B4 can therefore be
approximated by just r for large r and B4 can be written as:

1+r
—— o 1 for large r, which implies s(x) — Ofor large r and hence p(x) - g(x)
r

e_S( X) Xz —

So for large r we have:

—kx? —Joc?
1

X) = > — (B5)
) 1+ 7™ 1+r r

where x >0 for all x then we can also write:

—kx —kx
1 e ~ e (B6)

.
1+ re®™ 1+7r r
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